Let G be an affine algebraic group with a reductive identity component G 0 acting regularly on an affine Krull scheme X = Spec(R) over an algebraically closed field. Let T be an algebraic subtorus of G and suppose that Q(R) T = Q(R T ) of quotient fields. We will show: If G is the centralizer of T in G, then the pseudoreflections of the action of G on R T can be lifted to those on R. This result is applied to partially generalize Chevalley-Serre and Steinberg theorems on pseudoreflection groups.
Here ht(I) of an ideal I stands for its height. In case of B = C, we set Ht 1 (B, A) := Ht 1 (C, A; B).
1.B.
In this paper algebraic groups are affine and defined over a fixed algebraically closed field K of an arbitrary characteristic p. Affine K-schemes X are affine schemes of commutative K-algebras R which are not necessarily finite generated as algebras over K. We say an action (X, G) or (R, G) of an affine algebraic group G on X is regular, when G acts rationally on the K-algebra R as K-algebra automorphisms (e.g., [15] ). Furthermore (X, G) is said to be effective if Ker(G → Aut(R)) is finite. If a subset S of R is invariant under the action of G, we denote by G| S the group consisting of the restriction σ| S of all σ ∈ G to S, which is called the group G on S.
1.C. An affine K-scheme X = Spec(R) is said to be Krull, if R is a Krull K-domain. For a prime ideal P ∈ Ht 1 (R, R G ), let e(P, P∩R G ) be the ramification index v R,P (P∩R G ), where v R,P denotes the discrete valuation defined by R P . If p is a prime ideal of a Krull domain R ∩ L (e.g., [1] ) for a subfield L of Q(R) containing K of ht(p) = 1, let
which is non-empty (e.g., [7] ). The elements of I G (P) are referred to as the pseudoreflections at P under the action of (X, G) (cf. [11] ). This is a generalization of classical pseudo-reflections in Chap. IV of [2] . If Γ is a subset of a group, let Γ denote the subgroup generated by Γ. For a closed normal subgroup H of G, we set the subgroups
In case of H = {1}, R(R, G) = R(R H , G), which is called the pseudo-reflection group of the action (X, G) or (R, G). This group is finite on X for G with a reductive G 0 (cf. [11] ), which characterizes the reductively of G 0 . The purpose of this paper is to study the problem on the lifting of pseudo-reflections as follows: Problem 1.1 Can any element σ of the pseudo-reflection group R(R H , G) of the action (R H , G) be lifted to an elementσ of the one R(R, G) of (R, G), i.e.,σ| R H = σ?
1.D. Let X(G) be the group of rational characters of G expressed as an additive group with zero. For a rational G-module M , put
Here M χ stands for {x ∈ M | σ(x) = χ(σ)x} of relative invariants of G in M relative to χ. For a morphism γ : H → G of groups, let Z G (H) denote the centralizer {σ ∈ G | σγ(τ ) = γ(τ )σ (τ ∈ H)} of a subset γ(H) in G. The main result of this paper is as follows:
Theorem 1.2 Suppose that G 0 is reductive and let T be a connected closed subgroup of G 0 which is an algebraic torus. Let (X, G) be an effective regular action of G on an affine Krull K-scheme X with X = Spec(R). Suppose that G = Z G (T ) and Q(R)
Thus Problem 1.1 is solved affirmatively in the case where H = T under the certain condition as above. However this problem is not true in the case where H is neither a torus nor G = Z G (T ) that are discussed in Sect. 4. In the proof of the main theorem, Proposition 3.3 plays an essential role and is shown by Theorem 3.3 of [10] inspired by R.P. Stanley's Theorem 2.3 in [14] . Furthermore in Sect. 5 we apply the main theorem to partially generalize the classical Chevalley-Serre and Steinberg theorems on pseudo-reflection groups.
Preliminaries
Lemma 2.1 Let G be a group acting on an integrally closed domain A as ring automorphisms and N a normal subgroup of G of a finite index.
(ii) For any prime ideal P of A the morphism
is unramified in the sense of [8] .
The remainder of the proof is omitted. (ii): Exchanging N with Ker(G → Aut(A N )), we may suppose that the action (B, G/N ) on B = A N is faithful and Galois. Put p = P ∩ B. Clearly I G (p) ⊇ N and
is unramified, which shows the assertion.
Proposition 2.2 Let
A be an integrally closed domain and G a finite subgroup of Aut(A). Let P be a prime ideal of A.
(ii) For a normal subgroup N of G, we have
Proof. Replacing A with A G P∩A G ⊗ A G A, we may assume that A is noetherian, because A is the integral closure of A G in a finite separable (Galois) extension Q(A) of Q(A) G . Then the assertion (i) follows from Proposition 2.2 and Corollary 2.4 of Exposé V of [4] .
isétale. Consider the Galois group action (B, G/N ) with B = A N and put p = P ∩ B. Then (2.1) is expressed as theétale morphism
From this and (i) we infer that
Lemma 2.3 Let G be an algebraic group with an algebraic torus G 0 and suppose that
g., [15] ). For σ ∈ G, let (σ) s be the semi-simple part of σ. Let {σ i ∈ G | 1 ≦ i ≦ n} be a complete set of representatives of G/G 0 . We denote by M the subgroup of G generated by the union of the set Unip(G) of all unipotent elements in G,
of G to the product of m-copies of the multiplicative group G m over K, whose kernel is finite. Since
is a finitely generated torsion subgroup of (G m ) m . Thus M is the finite group desired in this lemma.
Lemma 2.4 Let G be a connected reductive algebraic group such that G = Z G (T ) for a closed connected subgroup T of G which is an algebraic torus. Let (X, G) be an effective regular action on an integral affine K-scheme X = Spec(R).
′ is closed connected and diagonalizable in G. Hence it is an algebraic torus and T = T ′ . Consider the group homomorphism ρ :
are of finite indices in X( T ) and X(T ), respectively. Consequently the kernel of ρ is finite, which implies that rank(T ) = rank( T ) and T = T . Since any maximal torus of the reductive H is equal to T , we have H = T (e.g., [15] ).
Lemma 2.5 Let (X, T ) be a regular action of a connected algebraic torus T on an integral affine K-scheme X = Spec(R). Then the following conditions are equivalent:
(ii) ⇒ (i): Let x be any nonzero element of Q(R) T and put I x := {b ∈ R | bx ∈ R} . Then I x is a nonzero T -invariant ideal of R, which is a direct sum decomposition
There is a character χ ∈ X(T ) such that I x ∩ R χ has a nonzero element c. Since both c and cx is contained in R χ , by (ii) we can choose nonzero α, β ∈ R T in such a way that α β c = cx, which shows x ∈ Q(R T ).
Toric Quotients and Proof of the Main Theorem
Hereafter to the end of this paper, we suppose that G is an algebraic group. For a regular action (X, G) with X = Spec(R) and P ∈ Ht 1 (R, R G 0 ), let ∆ G (P) denote the p-part of the order of the factor group If p = 0, put ∆ G (P)=1. We say (X, G) is stable, if X contains a non-empty open subset consisting of closed G-orbits (cf. [15] ).
Theorem 3.1 (cf. [9, 12] ). Suppose that G 0 is an algebraic torus. Then the following conditions are equivalent:
, the following conditions hold for any effective regular action (X, H) on an arbitrary affine Krull
(iii) For an arbitrary closed subgroup H of G containing Z G (G 0 ), the conditions in (ii) hold for any effective stable regular action (X, H) on an arbitrary affine normal variety X = Spec(R).
Proposition 3.2 Suppose that G
0 is an algebraic torus. Let (X, G) be an effective regular action of G on an affine Krull K-scheme X = Spec(R) such that Q(R
Proof. Let P be a prime ideal in Ht 1 (R, R G ). Since R is a Krull domain, the orbit G 0 P is a finite set and hence σ(P) = P for any σ ∈ G 0 (e.g., [7] ). Then
As I G (P) is a finite group (cf. [11] ), we see
, which shows the first assertion.
Put
, I H (P) = I G (P) and ∆ G (P) = ∆ H (P). Applying (ii) of Theorem 3.1 to the induced action of H on X, we must have
Thus we have e(P ∩ R H , P ∩ R
Proposition 3.3 Let (X, T ) be a regular action of a connected algebraic torus T on an affine Krull K-scheme X = Spec(R). Suppose that Q(R)
Proof. Fix a prime ideal P ∈ Ht 1 (R, R T ). By the same reason as in the proof of Proposition 3.2, the ideal P is invariant under the action of T and the induced action (R/P, T ) is regular.
. Let x (resp. U ) denote the image of x ∈ R (resp. U ) under the canonical morphism R → R/P. Suppose that (R/P) χ = {0} for a rational character χ ∈ X(T ). Then
On the other hand from a T -equivariant exact sequence
we have an exact sequence
, by Lemma 2.5 we see that
Since (R/P) χ = 0, we can choose an element f from R χ in such a way that f = 0. Clearly Over pA T (A) = {QA | Q ∈ Over p (R)} and 0 = v A,PA (1 ⊗ f ) < e(PA, pA T ) = e(P, p).
Thus by Theorem 3.3 of [10] , we must have
Consequently from Lemma 2.5 we establish the assertion of this proposition.
Theorem 3.4 Let G 0 be an algebraic torus and (X, G) an effective regular action of G on an affine Krull K-scheme X = Spec(R) such that Q(R)
for any prime ideal P ∈ Ht 1 (R, G 0 ) and the following equality holds:
Proof. Suppose that N = G 0 . Let P be any prime ideal in Ht 1 (R, G 0 ) = Ht 1 (R, G) and put p := P ∩ R G 0 . As
. By Lemma 2.3 we can choose a finite subgroup M of G in such a way that M ⊇ I G (P) and
Then from definition of I G (P) we must have I M (P) = I G (P). Consequently by Chap. VI of [8] the field Q(R IG(P) /P ∩ R IG(P) ) is a Galois extension over the field
with the Galois group
On the other hand
Consequently the field Q(R IG(P)·G
0 /P ∩ R
IG(P)·G
0 ) is a finite Galois extension of the field
)). However by Chap. VI of [8] the field of Q(R
Hence we must have
which shows the discrete valuation rings
with maximal ideals M A , M B respectively have the common residue class field, i.e.,
and the ideal p is invariant under the action of I G (p). Hence A is the integral closure of B in a finite separable field extension, which implies A is a finite B-module (e.g., [1] ).
On the other hand we infer from Proposition 3.2 that M A = A · M B . Consequently we have A = B, which shows Q(A) = Q(B). By Galois theory we see
of the theorem follows immediately from this equality and Over q (R) = ∅ for any q ∈ Spec(R G 0 ) of ht(q) = 1 (e.g. [7] ). Now we treat the case of N G 0 . Appling the proof of Proposition 2.2 to the action (R G 0 , G/G 0 ), we see that
This and the first paragraph of the proof imply
and the last assertion of the theorem follows from the equality.
Proof of Theorem 1.2 : Clearly

R(R, G; T ) · T ⊆ R(R T , G).
Since R(R T , G)| R T is finite, by Lemma 2.4, the torus T is the identity component of the closed subgroup H := R(R T , G) of G. Then R(R, G; T ) = R(R, H) and R(R T , G) = R(R T , H). Thus the equality 
for some P ∈ Ht 1 (R, R G ). Moreover we have
Proof. By (iii) of Theorem 3.1, there is a closed subgroup H of G with H Z G (G 0 ) and an effective regular action (X, H) of H on an affine normal variety X = Spec(R) such that Q(R
we infer that the right hand side of (4.1) is equal to e(P, P ∩ R
, P∩R H ) = 1. Consequently the inequality of ramification indices of Proposition 4.1 follows from (4.2). By this we see that
Similarly we see I H (P) = I R(R,H) (P) and hence
Since R(R, H) is a finite group contained in Z H (G 0 ), applying Theorem 3.4 to the action (X, R(R, H) · G 0 ), we see
This equality, (4.4) and (4.5) imply
which conflicts with (4.3). Hence we must have the last assertion of this proposition.
4.B.
Concerning Proposition 3.3 which is fundamental in the proof of our theorem, we give the following remark:
T )" in the case that ht(P) = 1 < ht(P ∩ R T ). We give an example as follows: Let V := K 5 and
where the matrix representation on the dual space V ∨ of V defined by the basis
Let R := K[X 1 , X 2 , X 3 , X 4 , X 5 ] be a 5-dimensional polynomial ring on which T acts naturally and put P := RX 1 . By stability of (R, T ), we have Q(R)
. Here x := x + P ∈ R/P. Thus ht(P) = 1 < 2 = ht(P ∩ R T ) and
4.C. Concerning Theorem 3.4, we note the two remarks.
Remark 4.3 The equality
We give an example to explain this as follows: Let G 0 be SL n with n ≧ 2 and let Φ 1 be the n-dimensional representation on which G 0 is standard. Let V be an n 2 -dimensional representation
Let σ ∈ GL(V ) be the scalar matrix ζ d · E n 2 , where E n 2 is the unit matrix in GL(V ) and ζ d is a fixed primitive d-th root of 1 ∈ K with a natural number d > n such that p does not divide d if p > 0. Define G to be the subgroup of GL(V ) generated by G 0 in GL(V ) and σ. Let R be a K-algebra of polynomial functions on V . Then R
for a homogeneous polynomial g of degree n and hence
which is a non-trivial group. On the other hand, as R(R, G) is finite and σ is a scalar matrix, R(R, G) is generated by pseudo-reflections which are scalar matrices in GL(V ). 
Remark 4.4 The assumption Q(R
where the matrix representation is given on the basis {X 1 , X 2 , X 3 , X 4 } of the dual space
Remark 4.5 Suppose that G is an algebraic connected torus and let (X, G) be an effective regular action of G on an affine K-scheme X = Spec(R). By the definition of X(G) R , we easily see that X(G/N (G, R)) ∼ = X(G) R . Now suppose that R is finitely generated as a K-algebra. Then (R N (G,R) , G) is the stable action of G on the largest K-subalgebra in R. Consider the following conditions on (X, G) :
(ii) ⇒ (iii) holds in the case where R is not necessarily finitely generated as a K-algebra. However the implication (ii) ⇐ (iii) is not true. In Remark 4.4 the action (
Since Q(R N (T,R) ) T = Q(R T ) (cf. Remark 4.5) and R N (T,R) is a Krull K-domain with a regular action of G in the following case, we immediately have a version of Theorem 1.2 without the assumption that Q(R)
Theorem 4.6 Suppose that G 0 is reductive and let T be a connected closed subgroup of G 0 which is an algebraic torus. Let (X, G) be an effective regular action of G on an affine Krull K-scheme X with X = Spec(R). Suppose that G = Z G (T ). Then we have
4.E. In Problem 1.1 we may suppose that the pseudo-reflection group R(R, G) is finite on R. This finiteness condition holds for all regular actions (R, G) of G on Krull Kdomains if and only if G 0 is reductive (cf. [11] ). Thus the "reductive" assumption of G 0 is necessary for the main theorem in this case.
Chevalley-Serre and Steinberg Theorems
For a finite dimensional faithful representation H → GL(V ) of a finite group H over K, if R H is a polynomial ring over K, then H is generated by pseudo-reflections (i.e., H = R(R, H)) where R denotes the K-algebra of polynomial functions on V . The converse of the assertion is true, especially in the case where p = 0 or the order of H is not divisible by p. These results are obtained by G.C. Shephard, J.A. Todd, C. Chevalley and J.-P. Serre (e.g., [2, 13] ).
We say a commutative ring A is regular (resp. a locally complete intersection), if all localizations of A at prime ideals are regular (resp. complete intersections). Let m-Spec(A) denote the maximum spectrum of a commutative ring A. Clearly, for a finitely generated positively graded algebra A defined over K, A is a polynomial ring over K (resp. a complete intersection) if and only if A A+ is regular (resp. so), where A + is the homogeneous maximal ideal of A. We generalize the first assertion and a similar result obtained by V.G. Kac and K.-I. Watanabe ( [13, 3] ) on complete intersections as follows.
Proposition 5.1 Let S be an integrally closed domain and H a finite subgroup of
with respect to inclusions. Let N be a normal subgroup of H containing all I H (P) for prime ideals P of S of height 1 (resp. of height ≦ 2). If S H is regular (resp. a locally complete intersection), then D H (m) ⊆ N for any maximal ideal m of S N .
Proof. We treat this in the case where S H is regular. Let M be any maximal ideal of S. First, we will show
To show this we may assume that 
is unramified of codimension 1, applying Nagata's purity of branch loci (cf. [8] ) to the inclusion, we infer that this morphism is unramified. Thus the induced morphism of (5.2) of residue class fields is regarded as a Galois extension under the action of the group D H (M)/D N (M) (e.g., Chap. V, [8] ). By our assumption of this proposition, the local rings of (5.2) have the common residue class field and, as (5.2) is finite, by Nakayama's lemma we must have
which shows (5.1). Let m be any maximal ideal of S N and choose a maximal idealM of S lying over m. Let σ be an element of D H (m). As σ(M) is lying over m, we can choose an element τ from N in such a way that τ (M) = σ(M) (e.g., Chap. V, [8] ). Then by (5.1) we have
which implies D H (m) ⊆ N . Next suppose that N contains all I H (P) for prime ideals P of S of height ≦ 2 and S H is a locally complete intersection. We can similarly show (5.1) by Expose X of [5] instead of Nagata's purity of branch loci. The assertion follows similarly from the last paragraph as above.
Theorem 5.2 Suppose that G
0 is an algebraic torus. Let (X, G) be an effective regular action of G on an affine Krull K-scheme X = Spec(R) such that Q(R (ii) If G = Z G (G 0 ) and R is finitely generated over K as a K-algebra (i.e., X is an affine normal variety), then D G (m)| R N is trivial for any maximal ideal m of R N , where N = G 0 · R(R, G).
Proof. We apply Proposition 5.1 to S = R The assertion (i) or (ii) is a generalization of the latter half of the Chevalley-Serre Theorem and the assertion (iii) can be regarded as a generalization of the Steinberg fixed point theorem (cf. [6] ). In fact Theorem 5.2 is new, even if R is a K-algebra of polynomial functions on V of a finite dimensional representation G → GL(V ).
